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The theory of fixed points of k-set contraction maps is quite well 
developed, for example, see [2,4, 10, 11 and 131. In this paper our aim is 
the study of the coincidence problem for some k-set contraction pairs of 
single-valued maps. Given two continuous maps p, q: r+ X of topological 
spaces the coincidence problem for (p, q) is concerned with conditions 
which guarantee that there is a point y E f such that p(y) = q(y). For 
f = X and p = Id, the coincidence problem for (p, q) reduces to the fixed 
point problem for q. The study of the coincidence problem (first treated in 
a topological setting in 1946 by S. Eilenberg and G. Montgomery [3]) was 
recently taken up for compact pairs in [S] and later in [6] and [7]. So the 
study of the coincidence theory for k-set contraction pairs is quite natural. 
Wo do it in Section 4. In Section 5 we present how to apply the coin- 
cidence results to the fixed point theory of multi-valued maps (in connec- 
tion with this method see [S] and [6]). In the last section an application 
of the fixed point theory of multi-valued (k-set contraction) maps to a 
boundary value problem for differential inclusions is presented. 
1. MEASURE OF NONCOMPACTNESS 
Throughout the rest of the paper by E we will denote a real Banach 
space. For a set A c E we let: 
k = the closure of A in E, 
aA = the boundary of A in E, 
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conv(A) = the convex hull of A in,?, 
conv(d) = the closed convex hull of A in E, 
6(A) = the diameter of A. 
By B, we will denote the class of all bounded and non-empty subsets of E. 
We will need Kuratowski’s idea of the measure of noncompactness [8]. 
Recall that the Kuratowski measure of noncompactness 
is defined by 
y(A)=inf r>O; A = fi Ai with 6(Ai)<r, i= l,..., n 
i 
, 
I=1 1 
where R + denotes the set of all non-negative real numbers. The elementary 
properties of y, another measure of noncompactness and further references 
to the literature are given, for example, in [4, 10, 11 and 131. We will use 
the following properties of y: 
y(A) =OoA is compact. 
~(t. A) = ItI . y(A), for every real number t E R. 
Y(A 1+ A*) G YV 1) + Y(A,). 
A, CAz=-Y(A,)~Y(A*). 
144 uA2)=maxWhh Y(AJI. 
y(conW )I = 10 1. 
Y(A) = Y(A ). 
Let {A,} be a decreasing sequence of closed sets in B,. If 
lim, ?(A,) =O, then A, = n;=, A,, is a non-empty com- 
pact set. 
2. COINCIDENCES 
(1.1) 
(1.2) 
(1.3) 
(1.4) 
(1.5) 
(1.6) 
(1.7) 
(1.8) 
By H we denote the Tech homology functor with compact supports and 
coefficients in the field of rational numbers Q from the category of metric 
spaces and continuous maps to the category of graded vector spaces over Q 
and linear maps of degree zero (for details see [S]). 
A continuous map p: r + X from a metric space r onto a metric space X 
is called Vietoris (written p: I-*X) if: 
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(i) p is proper, i.e., for every compact Kc X the counter image 
p - ‘(K) is compact, and 
(ii) for each x E X the set p - ‘(x) is acyclic, i.e., H,(p ~ ‘(x)) = 0 for 
n >, 1 and H&-‘(x)) = Q. 
Some important properties of Vietoris maps are summarized in the 
following (camp. [S] and [6]). 
(2.1) THEOREM. (2.1.1) Ifp: r* X is a Vietoris map, then the induced 
linear map p*: H(T) z H(X) is an isomorphism. 
(2.1.2) Zfp: r* X andp’: X =s. Y are Vietoris maps, then so also is the 
composite plop: r* Y. 
(2.1.3) Zf p: r* X is a Vietoris map and A c X, then the map 
pl:p-l(A)*A, pl(y)=p(y), is a Vietoris map. 
(2.1.4) The pull-back qf Vietoris maps is also a Vietoris map (see [6] 
for details). 
We are interested in studying the coincidence problem for pairs of the 
following type A ep I- +v B only, where A and B are subsets of a metric 
space X. We will keep in what follows the above general assumptions about 
given a pair (p, q); for a pair (p, q) we let 
and 
Fix(p, q)= {xg A; x~q(p-lx))}. 
Then JC(P, q) is called the set of coincidence points for (p, q). 
(2.2) PROPOSITION [S]. ~(p, q) # @oFix(p, q) # 0. 
Let E be a positive real number. A point y E r is called an e-coincidence 
point for the pair (p, q) if d(p(y), q(y)) < E, where d denotes a metric in X. 
Assume that X is a subset of E. We will say that the pair (p, q) satisfies the 
Palais-Smale condition, if for every sequence { y,,> c r the property 
lim,(p( y,) - q( y,)) = 0 implies that there exists a convergent subsequence 
{Yn,) of {Ynh 
(2.3) PROPOSITION. Assume that a pair X ep r +y X with XC E has an 
E-coincidence point for every E > 0 and satisfies the Palais-Smale condition. 
Then J~P, 9) Z 0. 
Proof Let E, = l/n and ( y,,} c r be a sequence of &,-coincidence points 
of (p, q), n= 1, 2 ,.... Then lim,(p( yn) - q( y,)) = 0. By using the Palais- 
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Smale condition we obtain a subsequence {y,,} of { y,} which is con- 
vergent to a point y,. Now, from continuity of p and q it follows that 
y, E ~(p, q) and the proof is completed. 
(2.4) Remark. The assumption that p is Vietoris is not needed in (2.3) 
because we used only continuity of p and q. 
3. COMPACT PAIRS. 
First, we recall fundamental facts concerning the coincidence index for 
compact pairs (in this order see [7] and also [S, 6, 143). A pair (p, q) is 
called compact if the map q is compact. Let U be an open and bounded 
subset of E. By X( 0, E) we denote the family of ail compact pairs (p, q) 
from U to E for which Fix(p, q) n aU= 0 (a pair (p, q) is from D to E if 
there exists a metric space r for which we have 0 tP r +y E). Because for 
any pair (p, q) E X( D, E) the set Fix(p, q) is compact the coincidence 
index considered in [7] is defined on X( D, E). 
Some important properties for us of the coincidence index on ,X(0, E) 
are summarized in the following: 
(3.) THEOREM [7]. There exists a map I:X(8, E) -+ Q which satisfies 
the following conditions: 
(3.1.1) ifq: I-+ E, q(Y)=x,, is a constant map, then 
Z(P, 4) = 1, if XOE u, 
I(P, 4) = 0, if x~EE\~; 
(3.1.2) if Z(p, q) # 0, then Fix(p, q) # 0; 
(3.1.3) if h: TX [0, l] + E is a compact map such that Fix(p, h)= 
(XE 0; xEh(p-‘(x)x {t}),j” or some t E [0, l] > n dU= 0, then Z(p, h,) = 
Z(P, h), where My)=h(y,O), h(y)=h(y, 1); 
(3.1.4) assume that V is an open subset of U and let (p, q) E X( u, E); 
if Fix(p, q) c V, then Z(p, q) = Z(p,, ql), where V =“‘p-‘( U) +yl E, 
PI(Y) =P(Y)y 41(Y) = 4(Y). 
In what follows Z(p, q) is called the coincidence index of (p, q). 
(3.2) Remark. For other properties of the coincidence index see 
[14,7]. Note that in the case when r= D and p = IdO the coincidence 
index is called the fixed point index of q. 
We will need a slight generalization of Theorem (3.1). Let C be a closed 
convex subset of E and let U be an open bounded subset of C. By X( it, C) 
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we denote the family of all compact pairs from 0 into C without fixed 
points on aU (Fix@, q)ndU= 0). We want to extend the coincidence 
index from X( U, E) onto Xx( .??, C). In this order let us fix a retraction 
map r: E + C and let (p, q) E X( 0, C). Then r - ‘(U) is an open subset of 
E. Consider the following cummutative diagram: 
in which rl = ((x,y)~r-‘(U)x r; r(x)=p(y)), p(x, y)=x, f(x,y)=r(x), 
g(x, y) = y and i denotes the inclusion map. 
It is easy to see that: 
(3.3) PROPOSITION. Fix(p, q) = Fix@, 4). 
From (3.3) it follows that there is an open bounded set W c r - ‘(U) such 
that Fix(p, q) n 8 W = Qr (r - ‘(U) can be unbounded). We put: 
m 4)=m1~4,)~ (3.4) 
where i&=‘p’pP’(W) +41 -6 A(x, Y) =P(x, v), Q1(x, v) =4(x, Y). Because 
(@,, gr)~X( @, E), in view of (3.1.4), we infer that (3.4) does not depend 
on the choice of W. Consequently, we are able to define: 
(3.5) DEFINITION. Z(p, q) = Z(p, 4). 
In connection with definition (3.5) the following problem remains open: 
(3.6) PROBLEM. Does Definition (3.5) depend on the choice of a retrac- 
tion map r: E -+ C? 
(3.7) Remark. We left for the reader to show that Theorem (3.1) is true 
for pairs in ,X(U, C) after fixing a retraction map. We will see in the next 
section that our coincidence index is sufficient to prove several coincidence 
theorems for pairs in .X(& C). 
4. k-SET CONTRACTION PAIRS 
In this section we introduce the class of k-set contraction pairs. For such 
pairs we will define a coincidence index and by using it we prove some 
coincidence theorems. Moreover, condensing pairs and a generalization of 
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the Schauder fixed point theorem from the case of compact pairs to the 
case of condensing pairs are introduced. 
(4.1) DEFINITION. Let A and C be two subsets of E. A pair 
A cp r +y C is called a k-set contraction pair, if there exists a real number 
k, 0 <k < 1, such that for every bounded B c A the following condition is 
satisfied: 
y(q(p ‘(B))) G k. Y(B); (4.1.1) 
(p, q) is called a condensing pair, if for every bounded and no relatively 
compact B c A we have 
YMP-l@)WyW~ (4.1.2) 
It-is evident that any compact pair is k-set contraction with k = 0 and any 
k-set contraction pair is condensing. Moreover, let us observe that if (p, q) 
is a condensing pair then for any bounded Bc A the set q(p- l(B)) is 
bounded. 
(4.2) PROPOSITION. Let A ep r -+q C be a condensing pair, where A is a 
bounded and closed subset of E. Then Fix(p, q) is a compact set. 
Proof: Indeed, we have Fix(p, q) c q(p - ‘(Fix(p, q))), hence 
NWp, 4)) < y(qW’UWp, q)))) < yFix(p, 4)). 
So by (1.1) we deduce that Fix(p, q) is compact. Because Fix(p, q) = 
Fix(p, q) the proof is completed. 
(4.3) PROPOSITION. Let (p, q) be the same as in (4.2). Then the pair 
(p, q) satisfies the Palais-Smale condition. 
Proof: Let lim,(p - q)(y,) = 0. We put x, = p(y,) - q(y,), u, = pty,). 
Then (xn> c E and (u,,) c A. By assumption y( (xn>) = 0. We will show 
that y( {Us}) =O. Because q(yn)Eq(p-‘(an)) we have 
On the other hand U, = x, + q( y,) so, in view of (1.3), we obtain y( {u, ) ) < 
y((x,~)+y({q(~,)3)=y(q((~,})). Th e above two inequalities imply that 
y({u,})=O. Therefore the setp-‘({u,)) is compact (p is proper!), so from 
the sequence {y,> in ~-‘({a,)) we can choose a convergent subsequence 
and the proof is completed. 
Let A be a bounded closed subset of E and let C be a convex closed sub- 
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set of E. Consider a k-set contraction pair (p, q) from A to C. We will 
associate with such a pair (p, q) a compact pair (p, 4) such that 
Fix@, q) = Fix@, q). In order to do so we present a construction which is 
suggested by [ 131 and [4]. Define a decreasing sequence {K,,} of closed 
bounded and convex subsets of C by putting 
K,=conv(q(pP’(A))) ,..., K,,=m(q(pP’(AnKfiP,))) ,.... 
It is evident that q(p ~ ‘(K, n A)) c K,, , and Fix@, q) c K,, for every n. 
There are two possibilities, namely, 
K,Z(zI> for each n, (4.4) 
K;#@, for i = l,..., m and K,,, +i = J~J, for each j. (4.5) 
If (4.5) holds then we choose a point X,,E K, and we define 
lj:f-+C by putting q(y) = x0 and ,i? = p. (4.6) 
Then (d, 4) is a compact pair such that Fix(p, q) = Fix(p, 4) = @. 
(4.7) LEMMA. Assume that (4.5) holds and let x1 E K,. Then there exists 
a compact homotopy h: TX [0, I] + C joining q with q, such that 
Fix(p, h)= (xEA; xEh(p-‘((x)x {t))),for every t> =@, 
where ql: r+ C is given by the formula q,(y)=x,. 
For the proof of Lemma (4.7) it is sufficient to consider a homotopy 
h: TX [0, 11 + C given as follows: 
h(y,t)=(l-t)x,+tx,. 
(4.8) Remark. By comparing (4.6) and (4.7) we can say that, if (4.5) 
holds, then the pair (0, q) is defined uniquely up to homotopy. 
(4.9) LEMMA. If (4.4) holds, then K, = n,“= I K, is a compact convex and 
non-empty set which contains Fix(p, q). 
Proof First, we claim that 
(4.9.1) y(K,) d k” . y(A), for each n, where k is given for considered k- 
set contraction pair (p, q). 
We prove (4.9.1) by induction. Since y(K,) = y@iiV(q(p-‘(A)))) = 
y(q(p - ‘(A))) < k. y(A), our assertion holds for n = 1. Now, assume that 
(4.9.1) is true for every m < n. Then we obtain y(K,,) = y(EBiT(q(p-‘(A n 
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K-,)1)) = Y(q(P-YA n K-,))) G ~.Y(A n K-,I d k.y(K-,)) d 
k.k”-‘y(A)= k”.y(A) and thus finish the proof of (4.9.1). Now, from 
(4.9.1) follows lim, y(K,) = 0. Therefore Lemma (4.9) is a consequence of 
(1.8). 
We define a compact pair (j?, q) by putting 
AnX,< ’ p-‘(AnK,) ’ + K, 
B(Y) = PY, 4(Y)=qY, for every y. 
(4.10) 
Because q(p-‘(A n K,)) c K,, in view of (4.9), we get Fix(p, q)= 
Fix@, 0). 
(4.11) Remark. Let us observe that in the case when A = C condition 
(4.5) cannot occur. 
From the last remark and the Schauder coincidence theorem for com- 
pact pairs (cf. [l] or [S]) immediately follows: 
(4.12) PROPOSITION. Zf C is a bounded closed and convex subset of E and 
(p, q) is a k-set contraction pair from C to C, then ~(p, q) # 0. 
By using (4.12) we prove 
(4.13) THEOREM. If (p,q) is a condensing pair from C to C, then 
~c(p, q)#@, where C is the same as in (4.12). 
ProoJ: We can assume, without loss of generality, that C contains the 
zero point 0 of E. For each n = 2, 3,... we define a map qn: r+ C by the for- 
mula qn( y) = (1 - l/n). q(y). Then (p, q,,) is a (1 - l/n)-set contraction pair 
for each n > 2. So by (4.12), for every n 3 2, there is a point yn E r such that 
p( y,) = qn( y,). On the other hand we have 
II P(Y,) - 4(YJll 6 IlP(Y,) - qn(YJll + IldYJ - 4n(Yn)ll 
It implies that the considered pair (p, q) has an a-coincidence point for 
each EZO. Now. (4.13) follows from (4.3) and (2.3). 
We are going to generalize the coincidence index from the case of com- 
pact pairs to the case of k-set contraction pairs. Let C be a convex and 
closed subset of E and let U be an open bounded subset of C. By %‘(D, C) 
we denote the family of all k-set contraction pairs from D to C without 
fixed points on a(U). 
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(4.14) DEFINITION. Let (p, q) E U( u, C). We define the coincidence 
index Z(p, q) of (p, q) by putting 
where (p, 4) is a compact pair associated with (p, q) by (4.6) or (4.10). 
(4.15) Remark. From (4.4k(4.11) it follows that the above definition is 
correct. 
As a consequence of our definition and (3.1.2) we obtain 
(4.16) PROPOSITION. If (p, q)E%‘(D, C) and Z(P, 4) zo> then 
JdPl4) f ia. 
Now, we formulate the homotopy property of the coincidence index. 
(4.17) PROPOSITION. Let p: r* 0 be a Vietoris map and let h: TX 
[0, l] -+ C be a continuous map. Assume further that the following two con- 
ditions are satisfied: 
(4.17.1) Fix(p, h)naU= 0, 
(4.172) y(h(p-‘(B)x [O, l]))<k.y(B), for every Bc t7 and for 
some 06k< 1. 
Then Z(~,h~)=Z(p,h,), where hO(y)=h(y,O), h,(y)=h(y, 1). 
Sketch of proof. We construct the following sequence of convex boun- 
ded and closed subsets of C; K,(p, h) =m(h(p- ‘(U) x [0, l])),..., 
K,,(p, h)=m(h(p-‘(Un K,-,) x [0, 11)) ,... . We can do the same con- 
struction for pairs (p, h,) and (p, h,). Denote by K,(p, h,) and K,,(p, h,) 
the respective sets constructed for (p, h,) and (p, h, ). Observe that by the 
same way as before conditions (4.4) and (4.5) can be formulated for the 
pair (p, h). If for (p, h) condition (4.5) holds, then it is easy to see that 
Fix(p, h) = Fix(p, h,) = Fix(p, h,) = @ and from (3.1.1) it follows that 
Z(p, h,) = Z(p, h,) = 0. So let us assume that for (p, h) condition (4.4) holds. 
Then K,(P, hi) c K,(P, h), i= 0, 1. We have the following three pairs: 
(z?, h”i), (p, &), i = 0, 1. Moreover h” is a compact homotopy joining (&, and 
(R),. Therefore from the homotopy property of the coincidence index for 
compact pairs we obtain: Z(p, (h”),) = Z(d, (h”),). On the other hand by 
applying (3.1.4) and (3.7) we have 
m1 h”,) = m, (h”),) and m4 &I = m, fh”), )T 
hence Z(p, h,) = Z(p, h,) and the proof is completed. 
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(4.18) Remark. Let us observe that condition (3.1.4) holds for k-set 
contraction pairs too. Note that considered coincidence index is strictly 
connected with the coincidence degree as given, for example, in [ 11. 
Now, following [2] we will generalize the non-linear alternative and the 
Leray-Schauder alternative from the case of k-set contraction maps (see 
[2, pp. 61, 69-701) to the case of k-set contraction pairs To end of this 
section we will assume that C is a convex and closed subset of E which 
contains the zero point 0 of E. 
(4.19) THEOREM (The Non-Linear Alternative). Let U be an open boun- 
ded subset of C such that 0 E U and let (p, q) be a k-set contraction pair from 
0 to C. Then at least one of the following properties holds: 
(4.19.1) 4P, 9) # 121, 
(4.19.2) thereisanxEaUsuchthatxE(~.q(p ‘(x)))forsomeI>l. 
Proof We can assume, without loss of generality, that Fix(p, q) n 
aU= a. For the proof consider a homotopy h: TX [0, l] --f C defined by 
the formula h(y, t) = t. q(y). Then h satisfies (4.17.2) and it is a homotopy 
joining q with the constant map q,, q,(y)=O. If Fix(p, h)naU=@, then 
from (4.17) and (3.1.1) we deduce that Fix(p, q) # a, so (4.19.1) holds. If 
Fix(p,h)naU#@, then we can take a point x,E~U such that x,e(t,. 
q(p me ‘(x,,))) for some 0 < t, < 1. Consequently, for I = l/to > 1 we have 
x0 E (,I. q(p - ‘(x0))) and the proof is completed. 
(4.20) COROLLARY. Assume (p, q) is the same as in (4.19). Assume 
further that for every x E i3U andfor every u E q(p ‘(x)) one of the following 
conditions holds: 
(4.20.1) IIUII d IIXII, 
(4.20.2) Ilull d 11x - ull, 
(4.20.3) (lull2 6 //x(1* + /lx - ul(*. 
Then dp, q) # 0. 
For the proof of (4.20) it is sufficient to observe that each of conditions 
(4.20.1), (4.20.2), (4.20.3) implies that the second property of the nonlinear 
alternative cannot occur. 
For a pair (p, q) from C to C and for a subset A c C by (p,,, , qA) we will 
denote a pair defined as follows: 
pa: P ‘(A)*A PAY) = P(Y) (camp. (2.1.3)), 
qa:p-‘(A)+C, 4/I(Y) = 4(Y). 
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(4.21) THEOREM (The Leray-Schauder Alternative). Let (p, q) be a 
pair from C to C such that for any open and bounded U c C the pair 
(po, qo) is k-set contraction. Let G(p, q) = {x~ C; XE (A * q(p- l(x))), for 
some 0 < 2 < 1). Then either G(p, q) is unbounded or ~(p, q) # 0. 
Proof Assume G(p, q) is bounded. We choose an open ball B(0, r) in E 
containing G(p, q) in its interior. Let U= B(0, r)nC. Then (po, qo)E 
%‘( 0, C) and no x E aU can satisfy the second property of the non-linear alter- 
native. By using once again (4.19) to the pair (po, qo) we have 
0 # ~(po, qO) c rc(p, q) and the proof is completed. 
5. k-SET CONTRACTION MULTIVALUED MAPS 
All results of Section 4 can be reformulated to the case of multivalued 
maps (camp. [l, 5, 61). Following [S] a multivalued map cp: X-+ Y is 
called admissible, if there exists a pair X ep r -+q Y such that 
v(x) = 4(P ~ ‘(x)); (5.1) 
in what follows we will call such a pair (p, q) a selected pair of cp and we 
denote by (p, q) c cp. 
An admissible map cp: X+ Y is called compact (k-set contraction; con- 
densing) if there exists a selected pair (p, q) of 40 which is compact (k-set 
contraction; condensing). It is well known that any admissible map 
q: X-+ Y is upper semi-continuous, i.e., for open Vc Y the set cp -‘(I’) = 
(x E X; q(x) c V} is open. Note that any upper semi-continuous map which 
has acyclic images of points is admissible (see [ 51). Moreover, in [S] we 
have proved that composition of admissible maps is admissible, so the class 
of admissible maps is quite large. 
Now, let U be an open and bounded subset of a closed convex set Cc E 
and let cp: D- C be a k-set contraction multivalued map such that 
Fix(q) n aU= 0, where Fix(q) = ( XE U; x E q(x)}. For such a k-set con- 
traction map we define the coincidence index Z(q) by putting 
Z(q) = (Z(p, q); (p, q) c cp such that (p, q) is k-set contraction}. (5.2) 
Because for any admissible map cp and for any selected pair (p, q) c cp we 
have Fix(q) = Fix(p, q) it is evident that all results of Section 4 can be for- 
mulated for k-set contraction (condensing) multivalued maps. We leave it 
to the reader. We will formulate only the Schauder fixed point theorem for 
condensing multivalued maps because we will use it in the next section. 
(5.3) THEOREM. Let C be a convex closed and bounded subset of E. If 
cp: C + C is a condensing map, then Fix(q) # 0. 
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Below we will make a preparation to the last section. Let K(0, r) = 
{xEE; llxll <r> and let cp, cp: K(O,2r) + K(0, r) be two multivalued maps. 
We define a multivalued map (cp + II/) from K(0, 2r) into itself by putting 
(0 + ti)(x) = v(x) + $(x)9 
where q(x) + $(x) = {U + u; u E q(x) and v E $(x)}. 
(5.4) PROPOSITION. If cp, II/: K(O,2r) + K(0, r) are two admissible maps, 
then the multivalued map (q~ + $): K(O,2r) + K(0, 2r) is admissible, too. 
Proof. Let (p, q) c cp and (6, q) c II/ be selected pairs of the following 
type: 
K(0, 2r) & f ’ F K(0, r), K(0, 2r) L F---fL K(0, r). 
We define a metric space rI by putting 
G=(WWx~; P(Y)=mw 
and two maps 
pl: fl *WA 2r), ql: f, + K(O,2r) 
as follows pl(y,j)=p(y), q,(y,j)=q(y)+q(j). It is evident that p1 is a 
Vietoris map and (p, , q, ) c (cp + II/), so the proof is completed. 
Now, from the proof of (5.4) and (l.lt(l.3) we deduce: 
(5.5) COROLLARY. If cp is a compact map and $ is a condensing map, 
then (cp + $) is a condensing map. 
6. AN APPLICATION 
Several applications of the fixed point theory for condensing maps to the 
theory of differential equations are given in [ 131. In our opinion some 
similar applications of the fixed point theory for multivalued condensing 
maps to the theory of differential equations and to the theory of differential 
inclusions (differential equations with multivalued right-hand side) are 
possible. We want to show a non-typical application. Namely, we would 
like to prove an existence theorem for a general boundary value problem 
for a differential inclusion. We will see that our application is quite general 
and in particular contains as a special case boundary value problems con- 
sidered in Section 3 of [12]. We recommend [12] and [9] for a review of 
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applications of the fixed point theory for compact multivalued maps to the 
theory of differential inclusions. 
In what follows by q: [O, b] x R ” + R” we will denote a convex valued 
and upper semi-continuous map which satisfies the Caratheodory con- 
ditions, i.e., 
(i) for each XE R”, the map cp(., x) is measurable (cf. [12]), 
(ii) for each t E [0, b], the map cp(t, .) is upper semi-continuous, 
(iii) there is a Lebesgue integrable function zq,: [0, 61 + R such that 
for every t E [0,6], x E R” and y E cp(t, x) we have 
IIYII G u,(t). 
By C, = C( [0, b], R”) we will denote the Banach space of all absolutely 
continuous functions from [O, h] into R” with the supremum norm. We 
associate with the above map 40 a map @: C, + C, as follows: 
ZE C,; z(t) = ’ v(5) dz, where v: [0, b] --f R" 
s 0 
is a Lebesgue integrable function and 
v(t) E q(t, x(t)) almost everywhere t E [0, b] . 
(6.1) PROPOSITION [ 121. The map @ is convex valued, upper semicon- 
tinuous and satisfies the ,following two conditions: 
(6.1.1) for each bounded B c C, the restriction 4 1 B: B -+ C, of cp to B 
is a compact multivalued map, 
(6.1.2) for each XE C, and ZE q(x) we have: /Jz/I <ro, where 
rO = 16 ~~(5) dz. 
By @: C, -+ C, we will understand a condensing multivalued map which 
satisfies the following condition: 
3M>O VXEC, Vuu$(x): llull GM. (6.2) 
Now, for the above two maps q and ti we formulate the following boun- 
dary value problem: 
wt.1 -v/t.)) E cp(.> x(.)), 
I! E W), (6.3) 
x(O) = Y(O). 
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An absolutely continuous function x: [0, b] + R” is called a solution of 
(6.3) if there exists y E I/I(X) such that: 
(i) (x’(t)--y’(t))~ cp(t, x(t)) almost everywhere t E [0, b]. 
(ii) x(0) =y(O). 
Let r = max{r,, M}. Then @(K(O, 2r)) c K(0, r) and tj(K(O, 2r)) c 
K(0, r), so the map 9 = (4 + I/I): K(O,2r) 4 K(O,2r) is well deftned. 
By comparing (5.4) and (5.5) we obtain 
(6.4) PROPOSITION. The multivalued map $: K(O,2r) --, K(O,2r) is con- 
densing. 
Consequently from (6.4) and the Schauder fixed point theorem for mul- 
tivalued condensing maps we deduce: 
(6.5) PROPOSITION. Fix($) # a. 
Now, we are able to formulate the main result of this section. 
(6.6) THEOREM. Problem (6.3) has a solution. 
Proof: Let x E C, be a fixed point of 6. Then there are y E $(x) and 
z E ij(x) such that x = y + z. Therefore for every t E [0, b] we have x(t) - 
y(t)=z(t)=jbv(~)dz and hence x’(t)-y’(t)=z’(t)=v(t)cq(t,x(t)), 
almost everywhere t E [0, b]. Moreover, x(0) -y(O) = z(0) = 0, so the proof 
is completed. 
Finally, we consider two special cases of Problem (6.3). Assume that 
$: C, + C, satisfies additionally the following property: 
(i) for every x E C, the set $(x) consists only of constant functions. 
Then Problem (6.3) reduces to the following: 
(6.7) 
Moreover, if we put I/I(X) = {J?} f or each x E C,, where Z(t) = x0 for every t, 
then Problem (6.7) reduces to the well-known Cauchy problem for differen- 
tial inclusions, i.e., 
(6.8) 
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